In this paper, we study the noncommutative Orlicz space L ϕ ( M, τ ), which generalizes the concept of noncommutative L p space, where M is a von Neumann algebra, and ϕ is an Orlicz function. As a modular space, the space L ϕ ( M, τ ) possesses the Fatou property, and consequently, it is a Banach space.
Preliminaries
Noncommutative integration theory was first introduced by I.E. Segal [5] and is a fundamental tool in many theories, such as operator theory and noncommutative probability theory. Since the noncommutative space L p (M, τ )
(1 ≤ p ≤ ∞) , where τ is a faithful semifinite normal trace on a von Neumann 5 algebra M, has been defined [3, 5] , many scholars have conducted a systematic study of these spaces, and obtained many interseting results [14, 15, 19] . As a natural extension of the space, the theory of noncommutative Orlicz space associated to a trace was introduced and studied by many mathematicians. For details, one can see [8] , [10] , [16] , [20] , and so on. In this paper we will take 10 Sadeghi's approach [16] and study the topological properties of noncommutative Orlicz spaces.
To begin with, we collect some definitions and facts related to von Neumann algebras. Suppose that M is a semi-finite von Neumann algebra acting on a
Hilbert space H with a normal semi-finite faithful trace τ. The identity in M
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is denoted by 1 and the set of all self-adjoint projections on M is denoted by P(M). Suppose that x affiliated with M. We call x is τ -measurable,
if there exists a number λ ≥ 0 such that τ (e (λ,∞) (|x|)) < ∞, where e (λ,∞) (|x|) is the spectral projection of |x| corresponding to the interval (λ, ∞). The collection of all τ -measurable operators is denoted by M.
Given 0 < ε, δ ∈ R, set V(ε, δ) = {x ∈ M : there exists e ∈ P(M) such that e(H) ∈ D(x), xe B(H) ≤ ε and τ (1 − e) ≤ δ}.
Here, ε, δ run over all strictly positive numbers [1] . An alternative description of the set is given by V(ε, δ) = {x ∈ M : τ (e (ε,∞) (|x|)) < δ}.
Suppose that x n , x ∈ M. We say that x n converges to x in measure (x n τm − − → x for short ), if for all ε, δ > 0, there exists an n 0 such that 2) It is known that the collection {V(ε, δ)} ε,δ>0 is a neighborhood base at 0 for a vector space topology τ m on M and that M is a complete topological * -algebra.
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In the setting of τ -measurable operators, the generalized singular value functions are the analogue (and actually, generalization) of the decreasing rearrangements of functions in the classical settings, and is more importantly the cornerstone for the theory of noncommutative rearrangement invariant Banach function spaces [12] .
Since the operator x is τ -measurable, λ s (x) < ∞ for s large enough and lim s→∞ λ s (x) = 0 as noted before. Furthermore, the function λ s (x) is decreasing and right-continuous since τ is normal and e (sn,∞) (|x|) ↑ e (s,∞) (|x|) strongly as s n ↓ s. 
where λ s (x) is the distribution function.
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It is known that the infimum can be attained and that λ µt(x) (x) ≤ t, t > 0.
For details on the generalised singular value see [18] . We proceed to briefly review the concept of a Banach function space of measurable functions on (0, ∞) (see [13] .
turns out to be a Banach space when equipped with the norm ρ(·), we refer to it as a Banach function space.
Using the above context Dodds, Dodds and de Pagter [13] formally defined the noncommutative space
and showed that if ρ is lower semicontinuous and Next we recall the definition and some basic properties of noncommutative Orlicz spaces.
where the real-valued function p defined on [0, ∞) has the following properties:
(1) p(0) = 0, p(t) > 0 for t > 0 and lim t→∞ p(t) = ∞;
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(2) p is right continuous;
For every Orlicz function ϕ, there is a complementary Orlicz function ψ :
A pair of complementary Orlicz functions (ϕ, ψ) fulfils the following Young Inequality:
and equality holds if and only if u = ψ(v) or v = ϕ(u). For background on
Orlicz functions and Orlicz spaces one can see [9, 17] .
Suppose that ϕ is an Orlicz function. For x ∈ M, set
and equip the space with the Luxemburg norm
Such a space is called a noncommutative Orlicz space.
and the Luxemburg norm generated by this function is expressed by the formula
Similar to the commutative case, for x, y ∈ L ϕ ( M, τ ) one can define the following Orlicz norm:
where ψ is the complementary function of ϕ. Moreover, we have the following relation between the two norms [16],
We also can get the Young Inequality in noncommutative Orlicz spaces:
For a pair (ϕ, ψ) of complementary Orlicz functions we have:
Moreover, if 0 ≤ x ∈ M with τ (ϕ(x)) < ∞, then there is a 0 ≤ y ∈ M with τ (xy) = τ (ϕ(x)) + τ (ψ(y)) and τ (ψ(y)) ≤ 1.
For further information on the theory of noncommutative Orlicz spaces we refer the reader to [8, 10, 11, 16, 20 ].
Closed linear subspaces of
In this section, we prove that the noncommutative Orlicz spaces
with the Luxemburg norm have the Fatou property. Consequently, the space is complete. In addition, we give a new description of the subspace E ϕ ( M, τ )
given in [16] , and prove that this is a closed linear subspace in norm topology and a dense subspace in measure topology of the L ϕ ( M, τ ).
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Firstly we give the definition of rearrangement invariant as follows. 
Hence, x ∈ L ϕ ( M, τ ) and x = sup n x n .
In [20], Kunze considers the properties of the space
Now we give another characterization of this space. Indeed, set
It is easy to verify that
The following theorem shows that A ϕ ( M, τ ) is a closed linear subspace in norm topology and a dense subspace in measure topology of L ϕ ( M, τ ).
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Theorem 2.2. The following statements are true: By corollary 4.3 of [12] we now have that
By the classical counterpart of Theorem 2.1 we now have that µ(x) ∈ A ϕ (0, ∞).
(2) Now for any x ∈ L ϕ ( M, τ ), set
be the polar decomposition of x. For each n ∈ N, set x n = u n 0
it is obvious that x n ∈ A ϕ ( M, τ ) and
For any ε > 0,
Since x is a τ -measurable operator, lim n τ (e (n,∞) (|x|)) = 0, which means that lim n τ (e (ε,∞) (|x − x n |)) = 0 for any ε > 0. Hence, A ϕ ( M, τ ) is a dense subspace 110 of L ϕ ( M, τ ) under the measure topology.
In order to study the further properties of A ϕ ( M, τ ), we need the following lemma.
is no more than 1, where d(x, E ϕ ) = inf { x − y : y ∈ E ϕ } .
Proof. Let x = u|x| be the polar decomposition of x, where |x| = ∞ 0 λde λ (|x|).
For each n ∈ N, set x n = u n 0 λde λ (|x|). Since τ (ϕ(|x|)) < ∞, for any ε > 0 one can choose an n 0 ∈ N such that
Since x n ∈ E ϕ , the Young Inequality implies
The following theorem shows that A ϕ ( M, τ ) is the closure (in the norm topology) of the set of all bounded τ -measurable operators.
Proof. For any x ∈ A ϕ ( M, τ ) and k ≥ 1, we have kx ∈ A ϕ ( M, τ ). Therefore
On the other hand, observing that M is contained in A ϕ ( M, τ ) and that
Moreover, by the definition of A ϕ ( M, τ ), we get
In the following, similar to the classical case, we still use E ϕ ( M, τ ) to denote the set x ∈ M : τ (ϕ (λ|x|)) < ∞ f or all λ > 0 . Theorem 2.4. Let x ∈ M be given, the following statements are equivalent:
2. lim n→∞ x − x n = 0, where x n = u n 0 λde λ (|x|).
Proof. (1) ⇒ (2). Given ε > 0, we have
Since x n = u n 0 λde λ (|x|), when n is large enough it follows that
Hence, by the Young Inequality,
for such n ∈ N. This yields x − x n → 0 as n → ∞, since ε is arbitrary.
In this section, we will prove that if the Orlicz function ϕ satisfies the ∆ 2 condition (for short, denote it by ϕ ∈ ∆ 2 ), namely, there exists a constant k > 0 such that for all u > 0,
then E ϕ ( M, τ ) is uniformly monotone, and
Using Lemma 2.1 of [6] , and the fact that µ(x) = x we can get following
Lemmas from the classical counterparts of these Lemmas applied to µ(x).
Lemma 3.3. Suppose ϕ ∈ ∆ 2 and x ∈ L ϕ ( M, τ ). For any ε ∈ (0, 1), there exists a δ(ε) ∈ (0, 1) such that x ≥ 1 + δ whenever τ (ϕ(|x|)) ≥ 1 + ε.
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Theorem 3.1. Assume ϕ ∈ ∆ 2 . Given any L > 0 and ε > 0, there exists
Proof. Firstly, for any x ∈ L ϕ ( M, τ ) and x ≤ 1.
Since µ(x) = x , by the classical counterpart,
Then L < h < ∞ since ϕ ∈ ∆ 2 . Without loss of generality, we can assume L > 1 and ε < 1.
Set β = [18] and convexity of ϕ,
Respectively, replacing x, y by x + y, −y in the above inequalities, we also have
This completes the proof.
We say a noncommutative Orlicz space L ϕ ( M, τ ) is uniformly monotone, if for each ε > 0 there exists δ(ε) > 0 such that for positive τ -measurable operators 155
x, y with x = 1 and y ≥ ε, we have x + y ≥ 1 + δ(ε).
Proof. Let ε > 0 and x, y ∈ L + ϕ ( M, τ ) such that x = 1 and y ≥ ε. From (ii) of Proposition 3.6 in [16] we have τ (ϕ(x)) = 1 since ϕ ∈ ∆ 2 and from Lemma 3.1 we have that τ (ϕ(y)) ≥ η where η = η(ε) > 0 is as in hypothesis of Lemma Then by (ii) of Proposition 4.6 in [18] we get
Hence, using Lemma 3.3, there exists a δ > 0 such that x + y ≥ 1 + δ.
The following theorem shows that under the condition ϕ ∈ ∆ 2 , convergence in norm and in measure coincide on the unit sphere of (L ϕ ( M, τ ), · ).
Proof. By the convexity of ϕ and (ii),(v) of Lemma 2.5 in [18] , we have
If x n τm − − → x, it follows from Lemma 3.1 of [18] that lim n→∞ µ t (x n − x) = 0 for each t > 0. Suppose that τ (ϕ(|x n |)) → τ (ϕ(|x|)),
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Fatou's Lemma implies
Then we obtain 
Proof. By Theorem 3.3, under the condition ϕ ∈ ∆ 2 , the convergence in norm topology and in measure topology coincide. Hence, we can get the conclusion.
Corollary 3.1. For any τ -measurable operator x ∈ M, suppose that ϕ(x) = |x| p , 1 ≤ p < ∞, then ϕ ∈ ∆ 2 . Therefore,
Remark 4. Notice that the condition ϕ ∈ ∆ 2 in theorem 3.4 is necessary, that is to say , if ϕ / ∈ ∆ 2 , E ϕ ( M, τ ) L ϕ ( M, τ ). Indeed, suppose ϕ / ∈ ∆ 2 . By (2)
of Theorem 1.13 in [17] , there exist 0 < α k ↑ ∞ such that
Select mutually orthogonal projections {e k } in a non-atomic von Neumann algebra M such that ϕ(α k )τ (e k ) = ε 2 k , where ε > 0 and k ∈ N, and define
α k e k with α k ∈ R + . Then,
which means x n ∈ L ϕ ( M, τ ).
But for any l > 1, let n 0 ∈ N satisfy l ≥ 1 + 1 n0 . Then for any n ≥ n 0 ,
which shows that x n / ∈ E ϕ ( M, τ ) (n ∈ N). Therefore if ϕ / ∈ ∆ 2 , E ϕ ( M, τ )
